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Abstract

Many structures are constructed using girders, or beams, and these beams deflect or distort under the influence of some external force. The buckling analysis of tapered column, in which the moment of inertia of the cross section varies according to a power of the distance along the bar, is carried out both analytically and numerically. Moment of inertia I(x) is approximated by a continuous function of x. The resulting differential equation is analytically solved and the formula for the critical load is derived. The same problem is solved numerically, using Finite Difference scheme.

It seems to be that the Method of Weighted Residuals (MWR) is a natural fit for this problem. The Galerkin Method is used, since this method results when the weighting function is chosen to be the basis function. The bases functions are formally required to be the members of a complete set of functions. The requirement of completeness allows an alternative interpretation of the Galerkin formulation i.e. a continuous function must be zero if it is orthogonal to every member of a complete set. So the Galerkin Method can be viewed as a scheme in which the residual is forced to zero in the sense that it is made orthogonal to the complete set of functions. This scheme is used to derive the formula for the critical load for a tapered column. 

The results of both methods are compared from a particular problem and it is determined that the critical pressure value from the formula is within the margin of error of the values of the finite difference scheme. This justifies the validity of the formula derived using Galerkin’s Method.
Introduction

Many structures are constructed using girders, or beams, and these beams deflect or distort under the influence of some external force. In the eighteenth century Leonhard Euler was one of the first mathematicians to study an eigenvalue problem in analyzing how a thin elastic column buckles under a compressive axial force. 

Consider a long slender vertical column of uniform cross-section and length L. Let y(x) denote the deflection of the column when a constant vertical compressive force, or load, P is applied to its top, as show in Figure 1 (a) and (b) below. 
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     Figure (1)

The following differential equation represents the deflection of the column derived by comparing the bending moments at any point along the column.
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Where E is Young’s modulus of elasticity and I is the moment of inertia of a cross-section about a vertical line through its centroid. Stability analysis of this problem was discussed by Lagrange. 

Bars with Continuously Varying Cross Section

A case of considerable practical importance, in which the moment of inertia of the cross section varies according to a power of the distance along the bar, is considered in this report. Consider the figure 2 below.
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Figure (2)
Where 
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Differential equations governing the problems are:
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And the boundary conditions to be satisfied are:
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Derivation of Critical Pressure Formula Using Galerkin’s Orthogonaility Condition

Let 
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,    be the solution of the above differential equations. These solutions satisfy both the differential equations and all the boundary conditions.  

Galerkin’s orthogonality condition for the weight function  
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(1)

and   


[image: image18.wmf]0

)

(

]

)

(

[

2

2

2

2

2

=

+

ò

dx

x

F

py

dx

y

d

x

EI

l

l

b







(2)

Using the expressions for
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(3)

Where using the integration by parts, it is determined that
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and




[image: image24.wmf]ò

=

2

0

2

4

sin

l

l

dx

l

x

p







(5)

Using equations (4) and (5) in equation (3) and solving the resulting expression for
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, we get the following formula for the critical pressure
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Using the expressions for
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 in equation (2), and using the same procedure as above, we found the same expression for the critical pressure. 


[image: image30.wmf]Numerical Solution
The above mathematical model governing the problem is numerically solved using Finite-Difference Method.
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(7)
Boundary conditions to be satisfied are
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Method involving finite differences for solving boundary-value problems replaces each of the derivatives in the differential equation by appropriate difference-quotient approximations. The following approximations at the interior mesh points are used to solve the above boundary-value problem.
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The use of these approximation formulas in equation (7) results in the equation
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(8)
A Finite-Difference method with truncation error of order 
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results by using equation (8) together with above boundary conditions.

For node
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where 
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For nodes 
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Where
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For nth node
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Where
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(14)
The resulting system of equations is expressed in the tridiagonal N X N System with the following coefficient matrix. 
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The critical pressure is the first positive value of P for which the determinant of the coefficient matrix is zero. 

Results
Using Maple, we evaluated the values of critical pressure P for different n-values, to get the following results for
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	n
	P

	5
	1574.136386

	10
	1583.40656457

	15
	1584.767820

	20
	1585.245397


Critical pressure value results for
[image: image58.wmf]150

=

l

,
[image: image59.wmf]90

1

=

I

, 
[image: image60.wmf]140

2

=

I

 and 
[image: image61.wmf]29000

=

E

, by using the formula derived above




[image: image62.wmf]2

1

2

2

1

2

2

)

(

4

)

(

l

I

I

E

I

I

E

p

-

+

+

=

p




is 
[image: image63.wmf]78

.

1591

=

p

. 

Conclusion

The critical pressure value from the formula is within the margin of error of the values of the Finite Difference Method. This justifies the validity of the formula. 
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